Abstract: To achieve diversity with a single antenna, a fractional sampling (FS) scheme in OFDM has been proposed. FS achieves path diversity with a higher sampling rate and multiple demodulation branches. In the previous literatures for FS, the sampling interval is fixed even though the initial phase selection of the sampling has been investigated. The fixed sampling interval limits the diversity gain through FS. Thus, in this study, a non-uniform sampling point selection scheme according to the frequency response of a channel is proposed. Numerical results through computer simulation show that the proposed scheme improves the BER performance by about 2 dB when the number of the demodulation branches is 2. While the proposed scheme further improves bit error rate (BER) performance it requires a larger rate and more computational complexity for the selection of the sampling points. Therefore the complexity reduction for the sampling point selection is also investigated. The complexity reduction scheme eliminates the specific sets of the sampling points and reduces the computational complexity of the sampling point selection for the proposed scheme by a factor of 2. Computer simulation also shows that the low complexity version of the proposed scheme even achieves the equivalent BER compared to the original proposed scheme.
Introduction
Orthogonal frequency division multiplexing (OFDM) is a very attractive technique for reliable broadband wireless communications such as WLAN IEEE802.11a/g, WiMAX etc. [1 -3] . This is because of the efficient use of frequency spectrum and robustness to multipath channels with the use of multiple subcarriers.
To overcome the effect of signal fading in a multipath environment, multiple antennas are used at a receiver to achieve antenna diversity [4, 5] . However, it may be difficult to implement multiple antenna elements in a small terminal [4] . Therefore to achieve diversity with a single antenna, a fractional sampling (FS) scheme in OFDM has been proposed [6] . In the FS scheme, a received baseband signal is sampled with a rate higher than the Nyquist rate and they are combined to achieve path diversity on each subcarrier [6] . Further, the effect of the pulse shaping filter in FS has been investigated in [6] [7] [8] . It has been shown that the excessive bandwidth of the filter realises path diversity in FS.
In [9] , a sampling rate selection algorithm for FS is proposed. In this scheme, the sampling rate is selected according to the frequency response of a channel. In [10] , an initial phase of the sampling is selected according to the frequency response of the channel. In [11] , the initial phase selection of the sampling has been evaluated through experiments. In these previous literatures for FS, the sampling interval is fixed [6 -11] . The selection of the sampling points makes the difference in the frequency response. It is then possible to achieve lower BER performance as compared to the conventional schemes in [9] or [10] . In other words, the number of demodulation branches in FS can be reduced for the same BER.
In this paper, a novel non-uniform sampling point selection scheme for FS based on the frequency response of the channel is proposed. The proposed scheme fixes neither the initial sampling point nor the sampling interval. Most of the bit errors occur on the subcarrier experiencing the deepest fade. The proposed scheme selects the sampling points so that the smallest frequency responses of the subcarriers is maximised to improve the average BER. This paper is organised as follows. Section 2 explains the diversity scheme through FS. The conventional and proposed sampling point selection schemes are also described. The simulation results are shown in Section 3. Finally, conclusions are presented in Section 4.
System model

Fractional sampling
The block diagram of an OFDM system with FS is shown in Fig. 1 [6] . Suppose the information symbol on the kth subcarrier is s[k](k ¼ 0, . . . , N 2 1), the OFDM symbol is then given as
where n(n ¼ 0, 1, . . . , N 2 1) is the time index. A guard interval (GI) is appended before transmission. N GI is the length of the GI.
The baseband signal at the output of the filter is given by
where p(t) is the impulse response of the baseband filter and T s is the symbol duration. This signal is upconverted and transmitted through a multipath channel with an impulse response c(t). The received signal after the down conversion is given as
where h(t) is the impulse response of the composite channel and is given by h(t) := p(t) w c(t) w p(−t) and v(t) is the additive Gaussian noise filtered at the receiver. For the multipath channel, h(t) can be expressed in a baseband form as
where p 2 (t) := p(t) w p(−t) is the deterministic correlation of p(t) (w indicates convolution operator) and satisfies Nyquist's property. It is assumed that the channel in (3) has N m path components, a i is the amplitude that is timeinvariant during one OFDM symbol (quasi-static channel model) and t i is the path delay. If y(t) is sampled at the rate of T s /G, where G is the oversampling rate, its polyphase components can be expressed as
where
are polynomials of sampled y(t), h(t) and v(t), respectively, and are expressed as
where T s /G is the step size of the initial timing and D g is the normalised gth sampling point. D g satisfies the following inequation
After removing the GI and taking DFT at each branch, the received symbol is given by
where (11) respectively.
As already stated, v(t) in (2) is filtered by the pulse shaping filter in the receiver, p(t). The power spectrum of the filter, P 2 (f ), has the following relation
Since the white noise is assumed to be input to the filter, the power spectrum of the filtered noise, V( f ), is expressed as
and its autocorrelation is given as
Suppose p 2 (t) satisfies the following condition and the band limited noise, v(t), is sampled at the baud rate of 1/T s , the samples of v(t) are independent of one another. However, when the sampling rate increases, the noise samples are correlated and noise-whitening is required to maximise the SNR [12] . The whitening filter equalises the spectrum of the correlated noise samples [13] . In order to perform noise-whitening, it is necessary to calculate a G × G noise covariance matrix on the kth subcarrier, R w [k]. The (g 1 , g 2 )th element of the noise covariance matrix on the kth subcarrier is given as
Using (14)
Thus, (16) is expressed as
and multiplying both sides of (8) by R
is the Hermitian matrix, the covariance of the noise vector after noisewhitening,
where I is a G × G identity matrix. From (21), the noise samples are whitened. After whitening, multiple outputs on each subcarrier are obtained through FS. Based on the frequency responses of the subcarriers estimated with the preamble symbols, those samples are combined to maximise the SNR expressed as the following equation [6] 
where { . } H is the Hermitian operator.
Sampling point selection
In the preamble period, the received signal is sampled at the rate of G times higher than the Nyquist rate. G(≤G) sampling points out of G are selected according to the frequency response of a channel, which is estimated with the preamble symbols of a packet. In the data period, the received signal is sampled at the timing selected by the sampling point selection schemes. In this paper, two sampling point selection schemes are evaluated.
Channel estimation:
In the preamble period, the received preamble on the kth subcarrier is expressed as
where 
In WLAN, for example, the estimation is carried out in two long preamble symbols [1, 2] and they are averaged together. After the sampling point selection, the frequency response of the channel with the selected sampling points during the data period, H[k], is expressed as
.
. .
where D g (g = 0, 1, . . . , G − 1) indicates the gth sampling point defined in (7).
Conventional scheme:
In the conventional scheme, uniform sampling interval is assumed and the initial phase of the sampling is selected. The sampling point in (5) is given as
where D 0 (g u ) = g u (G/G) indicates the initial phase of the sampling and g u (0 ≤ g u ≤ (G/G) − 1) is the corresponding index. Since the received signal is sampled at the oversampling rate of G in the data period, there are G/G candidates of the initial phase. Fig. 2a shows the candidates of the initial phase when G ¼ 2, as an example. In the figure, © and △ represent the samples corresponding to g ¼ 0 and 1, respectively. As shown in Fig. 2a , the number of possible initial phase of the sampling is G/G ¼ 4. The most of the bit errors occur on the subcarrier experiencing the deepest fade. In the conventional scheme, the index, g u , for the initial phase is selected based on the frequency responses of the subcarriers according to the following expression
is the frequency response on the kth subcarrier when the index of the initial phase is g u [10] .
Proposed scheme:
In the conventional schemes, the interval between the sampling points is fixed. The proposed scheme employs non-uniform sampling point interval. In the data period, the number of the possible combinations of the sampling points is G C G = G!/G!(G − G)!. Fig. 2b shows the candidates of the sampling points when G ¼ 2, as an example. In this figure, © and △ represent the samples corresponding to g ¼ 0 and g ¼ 1, respectively. As shown in Fig. 2b , the number of the possible combinations of sampling points is G C G = 28. In this figure, g n is the index for the combination of the sampling points, 0, 1, . . . , G − 1) and
Most of the bit errors occur on the subcarrier experiencing the deepest fade. In the proposed scheme, the index, g n , for the combination of the sampling points is selected based on the frequency responses according to the following evaluation function
is the frequency response on the kth subcarrier for g n .
Complexity reduction in non-uniform sampling point selection
The complexity of the non-uniform sampling point selection scheme is relatively large. To select the sampling point, it needs to calculate 8 C 2 = 28 or 8 C 4 = 70 frequency responses for G ¼ 2 or 4, respectively. To reduce the amount of computational complexity, it is desirable to eliminate the combinations of the sampling points which cannot achieve path diversity. Correlation between subcarrier responses is shown in Fig. 3 , which is obtained by
From (30), when two given sampling points are next to each other, which means |D g 1 − D g 2 | = 1 or 7, the correlation is quite high. In this case, diversity gain is relatively small. The sampling point indices that include the highly correlated samples are eliminated from the candidates in the proposed sampling point selection scheme. The number of the candidates reduces from 8 C 2 = 28 to 20 for G ¼ 2 and from 8 C 4 = 70 to 2(¼conventional scheme) for G ¼ 4. 
Simulation conditions
Simulation conditions are presented in Table 1 . The parameters in the table are based on the IEEE802.11a/g standard [1, 2]. The frequency response of the channel is assumed to be constant during one OFDM packet. The structure of the OFDM packet is shown in Fig. 4 . Relevant to the IEEE802.11a/g standard, the number of subcarriers, N, is 64 (48 subcarriers are for data symbols, four subcarriers are for pilot symbols and the rests are null subcarriers) [1, 2]. For channel estimation (CE), two symbols, T 1 and T 2 are used as shown in Fig. 4 and averaged together. In the simulation, perfect and imperfect CEs for equalisation are investigated, respectively. For the imperfect CE, the frequency responses are estimated with the preamble symbols, T 1 and T 2 . Ideal carrier recovery is assumed here. The total response of the transmitter and receiver filters is assumed to be truncated sinc pulse with the duration of 2T s [6] . The oversampling rate in the preamble period is fixed to G ¼ 8. In the data period, g u and g n are selected according to the evaluation functions in (27) and (28). In this simulation, the oversampling ratio at the data period, G, is selected among {1, 2, 4}. As channel models, 32 path Rayleigh fading with uniform delay profile and Indoor Residential A are assumed [14] .
Figs. 5, 9 and 11 show the BER performance for the above channel models with perfect CE. The BER curves with imperfect CE are shown in Fig. 10 . In the figures, 'Fixed' means the BER curves with the fixed initial sampling point (n 0 = 0, g u = 0). 'Conv.' denotes the BER curves for the conventional scheme in (27). 'Pro.' indicates the BER curves with the proposed scheme in (29). The low complexity version of the proposed scheme is indicated as 'Low-Comp.'.
3.2 Uniform sampling point selection and non-uniform sampling point selection Fig. 5 shows the BER performance on the 32 path Rayleigh fading channel with perfect CE. The conventional uniform sampling scheme improves the BER when G ¼ 1 whereas the improvement is less significant when G ¼ 2. The BER curve of the proposed scheme with G ¼ 2 is slightly better as compared to that of the fixed sampling point scheme with G ¼ 4. On the other hand, the BER curve of the Fig. 4 OFDM packet structure for simulation 
proposed scheme with G ¼ 4 is worse than that with G ¼ 2. This is because the noise generated from the other subcarriers through noise-whitening in (19) deteriorates the BER performance. In Figs. 7a and b, the power spectrum of the noise before and after whitening by (19) is shown when G ¼ 4 and g n = g ns or g nl , respectively. Those two sets of the sampling points, g ns and g nl , presented in Figs. 6a and b have the smallest and largest average Frobenius norms of R Fig. 7a , The whitening filter equalises the spectrum of the correlated noise samples when g n = g ns . On the other hand, when g n = g nl , the noise power grows on the 18th and 48th subcarriers. On these subcarriers, the Frobenius norm of R
is also large as shown in Fig. 6b . The BER curves between g n = g ns and g nl when G ¼ 4 are compared in Figs. 8a and b. In the Fig. 8a , E b /N 0 is fixed to 20 dB. As exploited in the Fig. 8a , if the Frobenius norm of R −(1/2) w
[k] is large, the BER also increases as shown in Fig. 8b . As given in Appendix, this is due to the correlated noise component after noisewhitening [15] .
3.3 Complexity reduction in non-uniform sampling point selection 3.3.1 32 path Rayleigh fading model: Fig. 9 shows the numerical results on the 32 path Rayleigh fading channel with perfect CE. The low-complexity scheme, 'G ¼ 2 LowComp.', achieves almost the same BER as that of 'G ¼ 4 Fixed'. Channel correlation and noise correlation from the other subcarriers increase with G. In this channel model, delay paths have the same average power. However, for a certain instance, it is possible that strong paths arrive nonuniformly in terms of their delays. Therefore 'G ¼ 2 LowComp.' can extract the stronger paths and less correlated noise than 'G ¼ 4 Fixed'. This is the reason why 'G ¼ 2 Low-Comp.' achieves the same performance as 'G ¼ 4 Fixed'. From Figs. 5 and 9, this means that the low complexity version of the proposed scheme achieves almost the same performance as the original proposed scheme. Fig. 10 shows the BER curves with perfect and imperfect CEs. For the imperfect CE, the BER performance is deteriorated by about 2 dB because of estimation error owing to the noise. However, the same as Fig. 9 , the proposed low complexity scheme with G ¼ 2 achieves almost the equivalent performance with the conventional scheme with G ¼ 4. In the imperfect CE case, the BER performance of the proposed low complexity version of 'G ¼ 2' is slightly better than that of 'G ¼ 4 Fixed'. It is because 'G ¼ 2 Low-Comp.' has less noise effect than 'G ¼ 4 Fixed' in both preamble and data period.
Indoor Residential A:
The BER performance on the Indoor Residential A is evaluated in Fig. 11 . On the Indoor Residential A, which has the smallest delay spread of the four, the improvement of the BER curves for 'G ¼ 2' is relatively insignificant as compared to the 32 path Rayleigh fading model. Therefore if the delay spread is not large enough, path diversity through FS and sampling point selection are less effective with both perfect and imperfect CEs.
3.3.3 BER against delay spread: In Fig. 9 , the 32 path Rayleigh fading model has enough delay spread to improve the BER performance through FS and sampling point selection. The BER performance of 'G ¼ 2 Low-Comp.' is slightly better than that of 'G ¼ 4 Fixed'. On the other hand, on Indoor Residential A, the BER improvement is relatively insignificant as compared to the other channel model as shown in Fig. 11 . The relationship between the BER and the delay spread is investigated as shown in Fig. 12 . The BER curves with perfect CE are investigated in Fig. 12 . When the delay spread, t RMS , is smaller than 60 ns, the BER of 'G ¼ 4 Fixed' is lower than that of 'G ¼ 2 Low-Comp.'. When t RMS is larger than 90 ns, the BER of 'G ¼ 2 Low-Comp.' is slightly better than that of 'G ¼ 4 Fixed'. It is the same for imperfect CE when t RMS is more than 40 ns as the inaccuracy of the CE diminishes the difference. From Fig. 12 , the oversampling rate is required to be higher as the delay spread is small. On the other hand, when t RMS is large, the oversampling rate can be kept small.
Computational complexity:
In this subsection, the computational complexity of the proposed low complexity scheme is evaluated as compared to that of 'G ¼ 4 Fixed' in terms of the number of multiplications. The number of multiplications for each process such as DFT, noisewhitening, MRC and sampling point selection in (27) or (29) are shown in Table 2 . The total amount of computational complexity for the fixed sampling point scheme with G ¼ 4 ('G ¼ 4 Fixed') the proposed nonuniform sampling point selection scheme with G ¼ 2 ('G ¼ 2 Pro.'), and the proposed low complexity scheme with G ¼ 2 ('G ¼ 2 Low-Comp.') per OFDM packet are shown in Table 3 . Here, it is assumed that the oversampling rate is 4 during both the preamble period and the data period in 'G ¼ 4 Fixed' while it is 8 during the preamble period and 2 during the data period in the proposed schemes. In this table, '10 symbols' and '100 symbols' represent the number of OFDM symbols per packet transmitted. As compared with 'G ¼ 4 Fixed' in Table 3 , 'G ¼ 2 Low-Comp.' reduces the computational complexity by a factor of 2 when the number of symbols per packet is 100. This difference is because the fixed sampling point scheme requires four DFT processes per symbol, whereas the proposed scheme requires only two in the data period. Thus, even though the selection of the sampling point requires additional 28 DFT processes per preamble symbol, the total amount of complexity decreases.
Conclusions
In this paper, the sampling point selection schemes for the FS OFDM receiver have been proposed. In the conventional scheme, the interval between the sampling points is fixed to T S /G and it cannot extract the multipaths which arrive nonuniformly in the delay domain. In this paper, non-uniform sampling point selection has been proposed. In this scheme, the interval between the sampling points is not fixed. It then improves diversity gain by about 2 dB when the oversampling rate is 2. However, it actually deteriorates the performance when the oversampling rate is 4. This is because of the correlation of the noise samples. In addition as the oversampling rate increases, the complexity for the sampling point selection grows exponentially. Therefore this paper has also proposed the low-complexity sampling point selection scheme to eliminate the specific sets of the sampling points which lead to large noise correlation. In the low-complexity non-uniform sampling point selection scheme, the complexity for the sampling point selection with G ¼ 2 has been reduced by about 70% of the original one while it maintains the equivalent BER. As compared to the fixed sampling point selection scheme, the total complexity including the demodulation of 100 symbols decreases by a factor of 2. The proposed scheme with G ¼ 2 achieves slightly better BER than the fixed sampling point scheme with G ¼ 4 when the RMS delay spread is larger than 40 ns for imperfect CE. Therefore both path diversity and complexity reduction have been achieved with the proposed scheme. 
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